Some methods for the convergence acceleration of the Møller-Plesset perturbation series for the correlation energy are discussed. The order-by-order summation is less effective than the Feenberg series. The latter is obtained by renormalizing the unperturbed Hamilton operator by a constant factor that is optimized for the third order energy. In the fifth order case, the Feenberg series can be improved by orderdependent optimization of the parameter. Alternatively, one may use Padé approximants or a further method based on effective characteristic polynomials to accelerate the convergence of the perturbation series. Numerical evidence is presented that, besides the Feenberg-type approaches, suitable Padé approximants, and also the effective second order characteristic polynomial, are excellent tools for correlation energy estimation.
Introduction
Quite often in theoretical work, approximation schemes for some quantities converge rather slowly. Thus, there is a need for means to accelerate convergence or, equivalently, to extrapolate from few members of a sequence to its limit. Fortunately, the development of such methods has become a rather active field at the borderline between mathematics and the sciences in recent years. Brezinski and Redivo Zaglia [1] have given an excellent mathematical introduction to such methods. There are many methods that can be used to accelerate slowly convergent (or to sum divergent) power series in terms of rational approximations, e.g., Padé approximants [2] [3] [4] that are related to the famous epsilon algorithm [5] , Levin-type methods [6] [7] [8] [9] , and iterative methods [10] like the recently developed J transformation [11] [12] [13] . There are also methods that can be used to accelerate the convergence of Fourier [14, 15, 8] and other orthogonal series [16, 17] . Onedimensional iteration sequences can be accelerated very effectively as is demonstrated in [18] for the case of the inverse Dyson equation. There is also a growing literature on extrapolation of matrix and vector sequences (see [1] for an introduction) that have found applications to the computation of matrix functions [19] and the iterative solution of fixed-point equations [20] . The full potential for application of these methods in the sciences has still to be explored.
One of the fields where these methods may be applied is Many-Body Perturbation Theory (MBPT), that is one of the standard methods to obtain the correlation energy in molecular ab initio calculations. The convergence acceleration of many-body perturbation series has recently become a topic of increasing interest [21] [22] [23] [24] [25] [26] [27] , also in the context of time-dependent phenomena [28] . Here, we restrict attention to approaches to correlation energy estimation that are based on the Møller-Plesset (MP) series since the latter is commonly and routinely used in quantum chemistry for closed-shell systems. For openshell systems, the restricted MP (RMP) method has been developed [29] that is based on an restricted open-shell Hartree-Fock (ROHF) determination of the MP unperturbed Hamiltonian. In this way, the RMP approach largely avoids spin contaminations that are characteristic for unrestricted MP (UMP) based on an unrestricted HF (UHF) zero-order calculation. For smaller molecules, calculations up to fourth or even fifth order do not pose large problems, and MPn (n=2,4) calculations are a popular approach to the correlation problem. However, the computational effort increases steeply with the order of the perturbation series, and with the size of the molecular system. Therefore, there is a need to make the best use of the lower-order terms since higher terms are difficult to obtain. Order-by-order summation of the perturbation expansion as given by
i.e., using the nth order estimate
is not the best way to exploit the information content of its terms. It has been shown by Schmidt, Warken and Handy [21] that a specific variant of a method originally proposed by Goldhammer and Feenberg [30, 31] for the Brillouin-Wigner perturbation expansion allows to obtain better estimates for the correlation energy than order-by-order summation of the usual MP series. This variant was called the Feenberg series in [21] . It is also a special case of the so-called Geometric Approximation [32] [33] [34] [35] . Similar to the original approach of Goldhammer and Feenberg [30, 31] , the computation of the Feenberg series requires only the terms E j of the perturbation series.
Alternatively, one may use Padé approximants that provide rational approximations [p, q] to power series, where p denotes the order of the numerator polynomial, and q that of the denominator polynomial. Padé approximants may be calculated for the original perturbation series, and also for the renormalized perturbation series. As shown by Wilson, Silver, and Farrell [35] , the special Padé approximants [n + 1, n] have the property that they are invariant under the scaling of the unperturbed Hamilton operator and, thus, are identical for the original and the renormalized case. This invariance is an important property of correlation energy estimators since the true correlation energy is independent of our choice of the unperturbed Hamiltonian.
Recently, a method based on effective characteristic polynomials has been applied to correlation energy computations of some model systems [36] [37] [38] [39] [40] [41] [42] and for the summation of perturbation expansions of anharmonic oscillators [43] .
We will see that results based on low-order effective characteristic polynomials also have the desirable invariance property under rescaling of the unperturbed Hamiltonian.
All these methods require only the terms E i of the Møller-Plesset perturbation series. The additional effort to calculate them besides the usual perturbation series is very low. As will be shown, these methods allow to obtain much better estimates of the correlation energy in many cases, and allow the identification of cases where standard perturbation theory fails. In these cases, computationally more demanding correlation energy estimators have to be used [21] [22] [23] [24] [25] [26] [27] .
Methods
The Goldhammer-Feenberg approach [30, 31] renormalizes the unperturbed Hamiltonian H 0 by a constant factor according to
This leads to a repartitioning of the total Hamiltonian H = H 0 + H 1 as
It also leads to a renormalized perturbation series
with partial sums -i.e., renormalized nth order energy estimates -given by
depending on renormalized jth order contributions [31, Eq. (12)]
For the Feenberg series, the factor α is determined by requiring that the third order energy E (3) (α) of the renormalized perturbation expansion is stationary with respect to variations of the factor α. This leads to an optimized value based on the third order result given by α (3) = E 3 /E 2 . In this way, the partitioning of the Hamiltonian is fixed, and the Feenberg series is obtained as the usual Rayleigh-Schrödinger series for the unperturbed Hamilton operator H 0 (α (3) ). The total energies are
The stationarity of the eigenvalue is based on the observation that the exact value of the energy, i.e., the infinite order result should be independent of the value of α that is used. When applying this to an approximation obtained in some finite order, that value of α is best where the derivative of the approximation is as small as possible in absolute value, preferably zero. We remark that this is related to the concept of order-dependent mappings as discussed in [70, Sec. 18] . Since order-by-order summation of the α dependent Rayleigh-Schrödinger expansion leads to the nth order estimate E (n) (α) defined in Eq. (6), the optimal value α (n) of α in nth order is determined from the equation (n > 1)
The second equality here follows from an explicit calculation. A solution of this equation leads to an approximation
for the total energy. Thus, in each order of the renormalized perturbation series, different values of α are chosen. This approach has been proposed already by Feenberg. We will call its results the total Goldhammer-Feenberg energies in order to distinguish it from the Feenberg total energies. Obviously, there can be several solutions of Eq. (9), and the Goldhammer-Feenberg energies are not guaranteed to be real.
In the case of fifth order, the condition (9) reduces in combination with Eq. (7) to requiring that α (5) is a root of the third order polynomial (1−α) 4 E 5 (α). The latter has real coefficients and, thus, is guaranteed to have a real solution α
r ) will be called GF5 later. Alternatively, one can use the average of the two (in the present case always) complex energies obtained from the other roots of the third order polynomial. This average will be called GF5b later.
As is well-known (see for instance [47, 56] ), Rayleigh-Schrödinger MBPT is size-extensive order by order, i.e., for a super-molecule build up from N noninteracting identical systems, the perturbation energies are linear in N in each order. Thus, if E j is the jth term of the perturbation series of one of the N subsystems, the jth order term of the perturbation series for the supermolecule is N E j .
In the case of the Feenberg scaling, we note that Eq. (7) implies that for E j → N E j , we also have E j (α) → N E j (α). Thus, for any α that is independent of N, also the renormalized perturbation series is size-extensive in each order. Since α (3) = E 3 /E 2 is invariant under E j → N E j , all Feenberg energies F n are size-extensive as a consequence of Eq. (8).
The Goldhammer-Feenberg energies GF n for n > 1 are also size-extensive. To prove this, we note that under E n → N E n , we have dE n /dα → N dE n /dα. This follows from the last equality in Eq. (9), since E n (α) → N E n (α) under E n → N E n . This implies that the positions of the zeros of dE n /dα, and hence the positions α (n) of the extrema of E n (α) are invariant under E n → N E n . Since the α (n) are used to define the Goldhammer-Feenberg energies, the latter are size-extensive. In particular, this applies to GF5 and GF5b. Now, we sketch the method of the effective characteristic polynomial that has recently been applied to the summation of divergent perturbation series [43] . In the linear variation method with n orthonormal basis functions {φ j } n j=1
applied to a Hamiltonian H, the characteristic polynomial P n (E) of degree n in the unknown energy E has the form
If H = H 0 + βV , the polynomial has the form ( [43] , Eq. (3.2))
with f n,n,0 = 1. Thus, N = n(n+ 3)/2 coefficients f n,j,k have to be determined. They could be obtained from the matrix elements of H 0 and V . In the method of the characteristic polynomial, they are obtained from the coefficients of the perturbation series for E
For this end, one uses (13) in (12) and does a Taylor expansion in β with the result
The A k depend on the f n,j,k . Since P n (E) = 0 for an eigenvalue E, one demands
This yields a linear equation system for the unknown f n,j,k , and thus, these coefficients can be determined. After the determination, the effective characteristic equation P n (E) = 0 is solved for E. If only perturbation coefficients E j up to j = 5 are available, only a second degree effective characteristic polynomial can be used. In our case, one finally puts β = 1. In this way, one obtains an explicit solution of P 2 (E) = 0 as
A further solution (with a minus sign of the square root) only yields the correct result for small β if E 2 > 0 holds which does not occur in perturbation theory calculations of ground states.
Direct calculation shows that the estimate Π 2 is independent under a scaling of H 0 , i.e., we have
Since the true characteristic polynomials -depending only on the total Hamiltonian -are invariant under Feenberg scaling, it may be conjectured that this invariance also holds for estimates obtained as roots of effective characteristic polynomials of higher degree. A proof of this conjecture is under investigation.
We denote Π 2 also as estimate Π2 for the total energy in the following.
It is easy to see from Eq. (16) that Π 2 → N Π 2 if E j → N E j for all j with 0 ≤ j ≤ 4. Thus, the Π 2 estimator is size-extensive.
Padé approximants [2] [3] [4] are defined with respect to a given power series as ratios of two polynomials. Given numerator and denominator polynomial degrees p and q, the coefficients of these polynomials in the Padé approximant [p, q] are determined by requiring that up to the order p + q, the coefficients in the Taylor expansion of the ratio of polynomials are equal to the coefficients of the given power series. In the present contribution, we take as this power series the perturbation expansion (13) in the parameter β that is put equal to one in the final formulas. We note that a different power series that is not explicitly defined, seems to have been used for the Padé approximants in [71] . For the application of rational approximants to the Møller-Plesset series see also Ref. [72] .
Numerical Results
Fortunately, excellent data for the test of the methods described in the previous section are available in [21] . This paper also includes results given in [71] . In these references, a large number of Table 1 is obtained from the data up to fourth order, while the right half also depends on the fifth order.
It is seen that in many cases, the correlation energy estimators provide excellent results. Problematic cases are s, t, and u. In case s corresponding to CN, the perturbation series is divergent, being based on doubly occupied ROHF orbitals where for alpha and beta spins the same orbitals are used, unlike the RMP orbitals where occupied alpha and beta set both are rotated. [21, 66] In cases t and u corresponding to H 2 O at stretched geometries, the approach is based on an UMP series that is monotonously and very slowly convergent [21, 72] . Apart from these problematic cases, it is seen that in case m corresponding to NH 2 at twice the equilibrium distances, the errors are rather high. Excluding this case also, one may study the performance of the correlation energy estimators statistically as shown in Table 2 . Plotted are the maximal error, the mean absolute error, the root mean square (rms) absolute error, and the mean percentage of the correlation energy as obtained with the various methods. In cases o, p, and q corresponding to the molecules CO, C 2 H 2 , O 3 , respectively, no FCI result is available. The statistical comparison is done once excluding these cases, and once including these cases where as reference for the error calculation the CCSDT result is taken. For these cases, the given correlation energies should thus be taken with care. Carefully designed fourth order methods like Π2 yield correlation energy estimates that can compete with fifth order results. As regards the fifth order methods, it seems that the Goldhammer-Feenberg estimator GF5 is slightly superior to the Feenberg energy F5, and the somewhat ad hoc estimator GF5b performs surprisingly well. Among the Padé approximants, the [3, 2] approximant (that is invariant under the Feenberg scaling) is a rather successful correlation estimator while the [2, 3] approximant performs very similarly. Other Padé approximants (not displayed in Table 1 ) do not perform as well as the ones given in this table when applied to the same data.
A careful analysis of the data in Table 1 reveals that the correlation energy estimation based on MP perturbation theory is the better the closer one is to the optimal geometries of the molecule under consideration. This is not very much surprising since it is well-known that the quality of the MP series deteriorates with increasing separations from the equilibrium geometries.
Compare for instance the triples of cases (a,b,c) for BH, (d,e,f) for HF, (h,i,j) for H 2 O, and (k,l,m) for NH 2 , with ratios 1:1.5:2 of the relevant distances. The values away from the equilibrium geometries may or may not be reliable. The data, however, suggest that then the correlation energy estimates are reliable if -as in cases f for HF at 2 × r e and i for H 2 O at 1.5 × r e -the values of Π2, F4 and [2, 2] do not differ too much from each other. In this situation, the Π2 estimator seems to provide the best results. On the other hand, large differences between the estimates Π2, F4 and [2, 2] -as in the cases j for H 2 O at 2 × r e and m for NH 2 at 2 × r e -clearly indicate that in these cases more sophisticated methods (for instance the Λ transformation [21] [22] [23] [24] [25] [26] [27] or multi-reference methods [51, 56, 69, [80] [81] [82] [83] ) are needed to calculate the correlation energies reliably. As regards the fifth order estimates, it is similarly seen that a large spread of the values of the various estimates reveals that the MP based methods do not provide sufficiently accurate results. Reversely, a small spread of the various estimates indicates that with a high probability, the (R)MP based correlation energy estimates are reliable.
Comparing fourth and fifth order based estimators, it is seen that the latter do not always provide better estimates of the correlation energy. In many cases, the Π2 estimate that is based on fourth order, provides results of comparable quality.
In Tables 3 and 4 the correlation energy estimators are used to calculate the dissociation barrier for H 2 CO−→H 2 + CO, and the barrier height and the heat of reaction for CH 3 + C 2 H 4 −→ C 3 H 7 . [85] [86] [87] 21] In both examples, the calculation is based on known Møller-Plesset energies up to fourth order [21, . The results show that reliable correlation energy estimates as provided by the Feenberg energy F4 [21] , the Padé approximant [2, 2] , and the effective characteristic polynomial estimate Π2 lead to good agreement with experimental data. The Π2 estimator yields in both cases the best results.
In summary, it has been shown that the availability of various estimators based on (R)MP results allows in many cases the accurate calculation of the correlation energy at negligible additional computational costs. Also, larger deviations between the values indicate clearly cases where further work is necessary.
Finally, we note that the above estimators are expected to be useful to improve convergence of perturbation series for the energies also for the multi-reference case. This conjecture is a promising topic for further investigations.
